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1. INTRODUCTION 
In a recent paper Crabtree [2] generalized a result of Ky Fan [4] on 
M-matrices to a partitioned matrix with square blocks of the same 
dimensions. In a later paper [3], Crabtree showed that the Schur com- 
plement of an M-matrix is also an M-matrix. The principal result of this 
paper is an application of the Schur complement to the class of generalized 
M-matrices as defined in Section 2. We assume a familiarity with the 
paper by Vandergraft [S]. 
Suppose B is a nonsingular principal submatrix of an n x n matrix A. 
The Schur complement of B in A (see [3]), denoted by (A/B), is defined 
as follows. Let A be the matrix obtained from A by the simultaneous 
permutation of rows and columns which puts B into the upper left corner 
of A 
leaving the rows and columns of B and G in the same increasing order as 
in A. Then the Schur complement of B in A is 
(A/B) = G - DB-YI. 
Schur proved that the determinant of A is the product of the determinant 
of any nonsingular principal submatrix B with that of its Schur com- 
plement , 
det A = det B. det(A/B). (I) 
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2. GENERALIZED &-MATRICES ‘CVITH RESPECT TO A CONE 
A nonempty closed subset K in a vector space V is said to be a cone 
if and only if 
(i) K + K E K, 
(ii) crK G K for all u 3 0. 
If in addition 
(iii) Kfl-K) =O, 
then K is said to be pointed, and if 
(iv) K-K=V, 
then K is Jztll or solid. In what follows, we shall assume that K is a full 
pointed cone in the n-dimensional real vector space R”, and shall refer 
to such a cone as a @oper cone. 
Let K be a proper cone. Then following Schneider’s notation [7], we 
define the set of real matrices 
z(K) = {BEM,(R)~xEK => BxEK}, 
the set of positive operators on K. We also define the set [6] 
p(K) = (A EM,(R)IA = kl- B, BETZ(K), k > p(B)). 
If the matrix A is in p(K), we shall say that A is a generalized M-matrix 
(with respect to the cone K). 
There is a partial ordering determined by n(K); that is, 
means B, - B, E n(K). 
We shall use the notation B > 0 to mean B E n(K). 
K 
It is clear that n(K) is a cone in R”‘. Furthermore, n(K) is a multiplica- 
tive cone, in that if B,, B, E n(K), then B,B, E n(K). If K = P, the cone 
of nonnegative vectors, then n(P) is the set of nonnegative matrices and 
p(P) is the set of M-matrices (see Fiedler and Ptak [5]). 
Barker [l] has defined an “M-matrix” to be a matrix A = B - C 
where A-l, B, B-l, C E n(K). In case K = P, an “M-matrix” as defined 
by Barker is a permutation of an M-matrix, since B and B-r are in z(P) 
if and only if B is a permutation of a diagonal matrix. 
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3. MINIMAL ROOT OF A MATRIX IN ,u(K) 
We shall denote by m(A) the root of minimal absolute value of the 
matrix A ; that is, 
m(A) = min{/1/ lItspA). 
The following is a known result but is proved here for completeness. 
THEOREM 1. Su$$ose A belongs to ,u(K); then 
(a) A-l E n(K) ; 
(b) m(A) is an eigenvalue of A, and if A is irreducible, m(A) is simple; 
(c) an eigenvector corresponding to m(A) is in K. 
Proof. If A E p(K), then A = kI - B, B E n(K), k > p(B). Since 
A is nonsingular and the spectrum of (l/k) B 1s contained in the unit circle, 
can be expanded to the form 
I+$B+$Bz+... 
1 
. 
Hence A-l E n(K). Parts (b) and (c) follow from the fact that m(A) = 
l/(p(A-l)) and from analogous results [8] for n(K). 
LEMMA 1. If A E p(K) and b < m(A), then det(A - bl) > 0. 
Proof. Let sp A = {A,, &,. . ., A,}; then 
det(A - bI) = fi (& - b). 
%=I 
For each real &, iii 3 m(A) > b, so that li - b > 0. The complex 
factors occur in conjugate pairs whose product is positive. n 
LEMMA 2. Let A,, A, E p(K), A, < A,; then 
K 
(4 
(b) 
A,-l> AZ-l> 0, 
K K 
m(Ad < m(4. 
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Proof. With A,, A, E p(K), we have 
A,=kI-BB, and A,=kI-BU, 
for some B,, B, E n(K) and k > max{p(B,), p(H,)}. A, < A, means 
B, 3 B,, and for every positive integer Y, B,” 3 B,” 3 O,Kso from the 
pro:f of Theorem 1, 
K K 
A,-’ 3 AZ-l> 0. 
K K 
Since p(A,-l) 3 p(A,-l), we have 
wz(A,) < nz(A,). n 
4. DIRECT SUM CONES 
Suppose K, and K, are cones in the vector spaces of dimensions m 
and n, respectively; then the set 
K = {x1 i_ xzlxl E K, and ?I;E K,} 
is a cone in Rm+. We define this to be the direct sum cone IS] 
K = K, i_ K,. 
If in addition K, and K, are proper cones, then K is a proper cone. 
If K = K, q K, where K, and K, are proper cones in the spaces 
Rs and R*-“, respectively, then a partitioning of the n x n matrix B 
will be such that B,, and B,, are of orders s and n - s, respectively. 
LEMMll 3. Let A E p(K, q K,) be partitioned as in (2), and 0 < b < 
m(A). Let 
then det A > 0. 
Proof. Let A = k1 - B, Ben(K), k > p(B). Let 
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If B is defined by A = (k + b)I - B, we have B + bI > BE n(K) 
K 
and k + b > p(B) + b = p(B + bI) > p(B). So A E p(K). 
Since a 2 A, from Lemmas 1 and 2, we have 
K 
m(A) 3 m(A) > b and deta >0 
where 
A^=A-bbl. w 
We shall make use of the following lemma, which is due to Schneider [7]. 
LEKVA. Let KQ denote the interior of the cone K. Suppose S > 0 
K 
and either RK” 2 K” OY RK” fl K” = 0. If T = R - S, the% the following 
statements aye equivalent. 
(a) R is nonsingular, R-l > 0, and p(R-l.5) < 1; 
K 
(b) T is nonsingular and T-lKO E K”; 
(c) TK” ll K” # 0. 
THEOREM 2. Let A E ,u(K, 4 K,) be partitioned as in (2) ; then 
(4 
(b) 
(A/A,,) ~,G-2h 
A22 > (A/All)> 
K, 
(c) det(A/A,,) = s, 
11 
(4 m(A) < WWll). 
hoof. If A E p(K, i_ K2), A = kI - B where B E n(K, $ K,) and 
k > p(B). We have 
A = (ii; ;;=) = i”_-;;I k;_B;2J’ (3) 
From the definition of the Schur complement, it can easily be verified 
that 
A-l= 
i 
(AI&,)-1 - AGIA,,(AIA,P 
- A&&(A/A2P > (A/A&l ’ 
From (3) and (4), we have 
(A/A,,)-l> B,,, A2&1&2 E n(K2). 
(4) 
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Let T,, = B,, + A,,A~‘A12, then T,, E n(Kz). 
(A/A,,) = H- (&, + A,,A111A12), 
(A/A,,) = k1 - T,,. 
With KI, (l/k)l, T,,, (A/A,,)-l E n(Kp), we apply Schneider’s lemma 
so that k > p(T,,); hence, (A/A,,) E,u(K~). 
For the proof of (b), we note that 
(k1 - B,,) - [(kl - B,,) - AzlA111A12] = A,,A11lA12 3 0, 
K, 
so that 
A,, 3 (A/A,,). 
K 1 
Part (c) is Schur’s formula (1). 
For part (d), let 1 E sp(A/A,,) and assume 0 < il < m(A). Let 
i 
A A 
A^ c All 
12 
21 ) &,--I ' 
(A/A,,) == A,, - AzhilAm 
Then 
det [(A/A,,) - AI] = det [(A,, - 21) - A,,A,1’A12], 
= det(d/A,,), 
det d 
det A,, 
By Lemma 3, det [(A/A,,) - 211 > 0, which implies 2 6 sp(A/A,,), a 
contradiction; hence 2 > m(A) and in particular m(A/A,,) 3 m(A). w 
In the following theorem, let K = K, i_ K, i K,. 
THEOREM 3. Let 
A= (4;; ;i ;;;I 
be in ,u(K) and 
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A A12 
B= Al1 A ( 1 ; 21 22 
then 
m(AIB) 3 NAlA,l) 3 m(A) 
Proof. By the Schur quotient theorem [3], 
(A/B) = ((~I~IM~I~Il)) 
mP/B) = 4(~/~,1)IPPII)) 
3 m(AIA,,) 3 m(A) 
using the results of Theorem 2 twice to obtain the inequalities. n 
THEOREM 4. Let K,, K2,.. ., K, be proper cones and Si = ~~!1 Kj. 
Suppose A,, AZ,. . . , A, = A is a sequence of @&pal submatrices of A 
such that for each i, 
Ai E A,+1 and ALE,+,). 
Then 
Proof. Without loss of generality, we can partition A as in Theorem 3, 
where A,, = Ai and B = Ai+l; that is, 
Then A E ,u(S,), S, = Si i_ Ki+l & c&+2 Kj and B E ,M(.S~+J where 
SitI = Si + Ki,l. Applying Theorem 3, we have 
m(A) < m(Al4) < m(AlAi+l). 
Letting i = 1, 2,. . . , t - 2 and using Theorem 3 repeatedly for each i, we 
obtain the result. n 
COROLLARY. Let A,, A2,..., A,_, be a sequence of principal sub- 
matrices of an M-matrix A, where for each i, Ai is a principal submatrix 
of Ai+l; then 
m(A) < m(AIAd < m(AIA,) < * * * < m(AIAn-4 = (A/An-d. 
254 L. J. WATFOKD, JR. 
5. EXAMPLE 
Let 
K1={x=(::)~xl> 1x21) 
and 
I K,= y= 
Yl 
\ 01 
ys YltY2 3 0 
\ 
I 
The matrix B, given by 
4 -12 1 
2 -10 0 
B= 
is a positive operator of the cone K, i_ K,. The spectral radius of B is 6, 
with the other eigenvalues 0, 0, - 1. Let k = 7 ; then 
3 1 -2 -1 
-28 0 0 
A=7I-B= 
is a generalized M-matrix with respect to the cone K, $ K, and m(A) = 1. 
with m(A/A,,) z 2. 
with m(A/A,,) g 1.6. 
AdA,A,,)=(_; -;)-;(_;I -;:I 
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hence 
Similarly 
so that 
Using (4) to compute A-l we have 
272 -56 120 56 
E 
216 -56 176 56 
w&/K,) 
with p(A-l) = 1. I 
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